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We prove in this paper results on the existence of a limiting regime in the sense of 
Demidovic for a certain fourth-order nonlinear differential equation of the form 
xc’“’ + a,? + bl + CT? + h(x) = p(f, 1, .t-, ,t, F), 
where a, b, c are positive constants, h(x) and p(r, x, 1, i, X) are continuous in their 
respective arguments. Subject to some boundedness restrictions on the incrementary 
ratio n-t {h(t + n) - h(c)} (n # 0), we also prove that the limiting regime is almost 
periodic or periodic in f according as p is almost periodic or periodic in /, uniformly 
in x, i, 2, R. To achieve these, a quadratic Lyapunov function is employed. 
0 1988 Acadermc Press, Inc. 
1. INTRODUCTION 
Consider the fourth-order nonlinear differential equation 
xciv) + aR + b.f + ci + h(x) = p( t, x, i, 2, 2) (1.1) 
in which a, b, c are positive constants, h(x) a continuous function and 
~(t, x, -li-, 2, 2) is assumed separable in the form q(t) + r(t, x, -li-, 1, Z) with q 
and r continuous in their respective arguments. 
A solution X(t) of Eq. (1.1) will be said to be a limiting regime in the 
sense of Demidovic if there exists a finite constant m such that 
{X2(t)+k2(t)+X2(t)+~(7(t))1~2~m (1.2) 
for all t E R and if every other solution of (1.1) converges to it as t + co. 
In [2] Demidovic introduced the idea of limiting regime for nonlinear 
systems and in [3] Ezeilo obtained a generalization of Demidovic’s result 
[2]. Ezeilo in [4] applied this generalization to a third-order nonlinear 
differential equation. In this paper, we shall apply this generalization of 
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Ezeilo to prove the existence of a limiting regime in the sense of Demidovic 
for fourth-order nonlinear differential equations of the form (1.1). The 
results contained herein thus extend to the fourth-order equations the 
earlier results of Ezeilo [4]. Moreover, we shall prove that if j:, q(s) ds and 
r(t, x, 1,.&a) are almost periodic or periodic in t, uniformly in x, .C, 2, X 
then, the limiting regime is almost periodic or periodic in t. 
Of particular interest is the type of function which can occur in Eq. ( 1.1). 
We shall restrict ourselves to functions h(x) which are not necessarily 
differentiable, but for which the incrementary ratio q ’ { h(t + q) - h(t)} 
(9 # 0), satisfies 
where Z,, is a closed subinterval of the RouthhHurwitz interval 
(0, (ab - c) c/a’) defined 
z, = [A,, K(ub - c)a’] (1.4) 
with A, > 0 and K < 1 constants. 
2. THE MAIN RESULTS 
Let Q(t) = j& q(s) ds. We shall assume throughout this paper that the 
solutions of Eq. (1.1) are uniquely determined by their initial conditions. 
We also shall assume that the function r(t, x, JI, z, w) satisfies. 
<$(t)(lx-xi + ly- YI + I:-ZI + Iw- WI) (2.1) 
for arbitrary t E [w and x, y, z, w, A’, Y, Z, WE IR, with d(t) a continuous 
function of t and r( t, 0, 0, 0, 0) = 0. 
Throughout this paper, we shall denote by Di (i= 1,2, 3, . ..) finite 
positive constants which retain their identities, unless otherwise stated, 
such constants being independent of solutions of the differential equation 
considered. 
The following is a fourth-order analog of the result in [4]: 
THEOREM 1. Suppose that h(0) = 0 and that 
(i) for arbitrary E, q (q # 0), h satisfies (1.3); 
(ii) there is a positive constunt B such that for all 
IQ(t)1 5 B; (2.2) 
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(iii) for some constant j? in the range 1 5 B 5 2, the function 4 satisfies 
s cc qv(t) dt < co. (2.3) -e 
Then, there exists a constant D, and a unique solution x(t) of Eq. (1.1) 
satisfying 
{X2(t)+i2(t)+ji2(t)+;ji2(t)}“25Dl (2.4) 
for all t E 53; such that every other solution x,(t) of Eq. ( 1.1) converges to x(t) 
as t+c0. 
Our result on the almost periodicity or periodicity of the limiting regime 
x(t), is as follows: 
THEOREM 2. Let h(0) =0 and suppose that hypotheses (i) and (iii) of 
Theorem 1 hold. Suppose further that there exists a solution x(t) of Eq. (1.1) 
satisfying (2.4). Then: 
(I) zf Q( t) is almost periodic and r( t, x, y, z, w) is also almost periodic 
in tfor {x2+ y2+z2+w2}1’2~D1, then x(t) is almost periodic in t; 
(II) if Q(t) and r(t, x, y, z, w) are periodic in t with period t, for 
{x2+ y2+z2 + u~~}‘/~ 5 D,, then x(t) is periodic in t with period T. 
3. PROOF OF THEOREM 1 
It is convenient to replace Eq. (1.1) with the equivalent system 
i=y 
j=z 
i- = w + Q(t) 
w = - aw - bz - cy - h(x) + r( t, x, y, z, w + Q) - aQ( t). 
(3.1) 
The main tool in the proofs of our results will be the following quadratic 
Lyapunov function V= V(x, y, z, w) defined by 
2V= (~(1 -&)x+by+az+w}2 
+ {(1 --E)D- l}(az+ ~)~+c’s(l -.s)x2+ac~(1 -8) Dy’ 
+ E Dw2 + {ac( 1 - E)~ (CE + 6) y2 
+2c{ab&+6(1 --E)} yz+b6z2}+(ab-c-6). (3.2) 
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where D = (ab - c - cs)/(ab - c - 6) with the constants E and 6 satisfying 
(ah-c)>d>O, O<&<l, and abe(2 - E) = 6. (3.3) 
In light of [ 1,4] and the hypotheses in Theorem 1, we easily find that the 
function V has the following properties: 
(i) V is positive definite, and 
(ii) there exist strictly positive constants D, and D, such that 
D,(x* + y*+z*+ w*)g V~DD,(x2 + y2+z2+ w*) 
for all x, y, z, and w. 
Furthermore, for any two district solutions (xi, yj, z,, wi) (i= 1, 2) of 
Eq. (3.1), if we define the function W(t) by 
W(t) = %2(t) - xl(t)9 Y2(2) - Y,(t)? 
z*(t) - z,(t), w*(t) - W,(f)? 
we have 
(iii) there exist positive constants D, and D, such that 
w(t2)~D,w(t,)exp{-D,(t2-t,)} (tr 2 t,). (3.4) 
Utilizing this property of W(t) and hence of I’, we obtain, following 
[2, 33 that there exists a solution x(t) of Eq. (1.1) satisfying (2.4) for which 
every other solution x,(t) distinct from it converges at t -+ co. This 
completes the proof of Theorem 1. 
4. PROOF OF THEOREM 2 
Let the solution x(t) of Eq. ( 1.1) satisfying (2.4) obtained in Theorem 1 
have components (X(t), Y(t), Z(t), W(t)). Define the function 
F(l)= V(X(r+t)-X(t), Y(t+7)- Y(t), 
Z(t+r)-Z(t), W(t+t)- W(r)), (4.1) 
where V is as defined in Eq. (3.2). If Q(r) is almost periodic and 
r(t, X, Y, Z, IV) is almost periodic in t, uniformly in X, Y, Z, W for any 
solution of Eq. (3.1) satisfying (X2 + Y* + 2’ + W') 5 D, , then for arbitrary 
E > 0, we can find 7 > 0 in a relatively dense set such that 
IlQ(f + 7) - Q(t,ll 5 k&* (4.2a) 
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and 
Ilr(t + t, Nt), Y(t), Z(t), Vt)) 
--r(f, x(r), Y(t), Z(t), Wf))ll 5 kc’, (4.2b) 
where k is a constant chosen to advantage later. Following again [2, 31, 
Y’(t) has the property 
(iv) there exist positive constants D,, D,, D, such that 
Y(t)sD, !P(v(~~) exp{ -D,(f- t,)} + k D,E~ (12 to). (4.3) 
By properties (i) and (ii) of V, hence the finiteness of Y(t,), we have 
IIy’(tfT)- yu(t)li ZE (4.4) 
for all r satisfying (4.2) with k chosen as k = DJD,. The almost periodicity 
of x(t) follows immediately. Finally, let Q(r) and r(t, X, Y, Z, W) be 
periodic in t with period t. Fix r in (4.1). Then proceeding as above, we 
obtain that 
II Y(f + T) - Y(t)11 < 0. 
which completes the proof of Theorem 2. 
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